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Abstract 
The aim of the present paper is to define and study generic submanifolds of para 𝛽-Kenmotsu manifold. We investigate 

the geometry of leaves which arise the definition of a generic submanifold and obtained integrability conditions of 

distributions. We also consider parallel conditions of projections on generic submanifods of para 𝛽-Kenmotsu manifold. 
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1. Introduction 

Complex and contact geometry have many aplication 

in mathematics and physics. Many geometric 

properties that ocur in complex structures were 

examined on contact structures. Moreover, important 

results were obtained regarding the geometric 

properties of the contact structures themselves.  

 

Para complex manifold is defined a 2n-dimensional 

differentiable manifold with endomorphism 𝐽2 = 𝐼 

such that 1-eigen distribution. Similary, a para contact 

manifold is defined (2n+1)-dimensional diferetiable 

manifold with 𝜑2 = 𝐼 + 𝜂⨂𝜉 where 𝜑 is (1.1) tensor 

field, 𝜂 and 𝜉 ais contact form and characteristic vector 

field, respectively. 

 

In 1985, Kaneyuki and Williams defined and studied 

Para-contact manifolds [1]. After Zamkovoy 

investigated some properties of an almost para-contact 

metric manifolds and their subclasses [8]. A Para-

Kenmotsu manifold is a class of para-contact manifold 

which were defined by Sinha and Sai Prasad [4] in 

1995. After [2], Olszak introduced para β-Kenmotsu 

manifold. 

 

On the other hand generic submanifolds are 

generalized semi-invariant submanifolds. A 

submanifolds of M almost contact manifold 𝑀̃ is 

called generic submanifold of 𝑀̃ if 𝐻𝑥 = (𝑇𝑥𝑀) ∩
𝜑(𝑇𝑥𝑀) defines a smooth distribution ∀𝑥 ∈ 𝑀. There 

many researches on the generic submanifolds as like 

[3,5, 6,7]. 

Our aim in the present work to obtain generic 

submanifolds of para 𝛽-Kenmotsu manifold. We 

define generic submanifolds of para 𝛽-Kenmotsu 

manifold. We are studied integrability  and parallel 

conditions of distributions. 

 

2. Para 𝜷-Kenmotsu Manifolds 

Let 𝑀̅ be a (2n+1)-dimensional (connected) 

differentiable manifold endowed with a quadruplet 

(𝜑, 𝜉, 𝜂, 𝑔), where φ  is (1,1)-tensor field, ξ is a vector 

field, η is a 1-form, and g is a pseudo-Riemannian 

metric such that 

 

                𝜑2𝑋 = 𝑋 − 𝜂(𝑋)𝜉,     𝜂(𝜉) = 1                 (1) 

 

          𝑔(𝜑𝑋, 𝜑𝑌) = −𝑔(𝑋, 𝑌) + 𝜂(𝑋)𝜂(𝑌))          (2) 

for all 𝑋, 𝑌𝜖Γ(𝑇𝑀).  In addition, we have 

 

         𝜑(𝜉) = 0,   𝜂𝜊𝜑 = 0, 𝜂(𝑋) = 𝑔(𝑋, 𝜉).          (3) 

 

The manifold 𝑀̅ will be called almost para contact 

metric, and the quadruplet (𝜑, 𝜉, 𝜂, 𝑔) will be called 

the almost para contact metric structure on 𝑀̅. 

Moreover, a almost para contact metric manifold is 

normal if  [𝜑, 𝜑] − 2𝑑𝜂 ⊗ 𝜉 = 0 where [𝜑, 𝜑] is 

denoting the Nijenhuis tensor field associated to φ. A 

normal almost para contact metric manifold is called 

para contact metric manifold.  
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Definition 2.1 Let 𝑀̅ be an almost para contact metric 

manifold of dimension (2n+1), with (φ, ξ, η, g). 𝑀̅ is 

said to be an almost para 𝛽-Kenmotsu manifold if 1-

form η  are closed and dΦ = 2βη ∧ Φ.  A normal 

almost para 𝛽-Kenmotsu manifold M is called a para 

𝛽-Kenmotsu manifold.  

 

If 𝑀̅ is also normal then we call 𝑀̅ is called a para 𝛽-

Kenmotsu manifold. The following theorem gives us 

the neccesary and sufficient condition for 𝑀̅ to be para 

β-Kenmotsu manifold.  

 

Theorem 2.2 Let (M̅, φ, ξ, η, g)  be a para contact 

metric manifold. M̅ is a para 𝛽-Kenmotsu manifold if 

and only if 

           (∇̅𝑋𝜑)𝑌 = 𝛽{𝑔(𝜑𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝜑𝑋}           (4) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀̅).  

 

Corollary 2.3 Let M̅ be (2n+1)-dimensional a para 𝛽-

Kenmotsu manifold with structure  (φ, ξ, η, g). Then 

we have 

                              ∇̅𝑋𝜉 = 𝛽𝜑2𝑋                               (5) 

for all 𝑿, 𝒀 ∈ 𝚪(𝑻𝑴̅). 
 

3. Submanifolds of Para 𝜷-Kenmotsu Manifold 

Let 𝑀̅ be a (2𝑛 + 1) − dimensional  𝛽 − Kenmotsu 

manifold. 𝑀 be a 𝑛 −dimensional submanifold of 𝑀̅. 

Then Gauss and Weingarten formulas are given by 

 

                       ∇̅𝑋𝑌 = ∇XY − h(X, Y)                        (6) 

 

                       ∇̅𝑋𝑉 = −AVX + ∇X
⊥Y                         (7) 

 

for any 𝑋, 𝑌 ∈ Γ(𝑇𝑀) and
 

𝑉 ∈ Γ(𝑇𝑀)⊥. h is the 

second fundamental from of 𝑀, ∇⊥ is the connection 

in the normal bundle and AV is the Weingarten 

endomorphism associated with V.  Shape operator A 

and the second fundamental form h  related by 

 

                   𝑔(ℎ(𝑋, 𝑌), 𝑉) = 𝑔(AV𝑋, 𝑌)                  (8) 

 

On the other hand, the mean curvature tensor H is 

defined by  

 

                       𝐻 =
1

𝑚
∑ ℎ(𝑒𝑘, 𝑒𝑘)𝑚

𝑘=1                        (9) 

where {𝑒1, … , 𝑒𝑚}  is a local orthonormal basis of TM. 

 

For every tangent vector field 𝑋 on 𝑀 we can write 

 

                            𝜑𝑋 = 𝑃𝑋 + 𝑄𝑋                          (10) 

 

where 𝑃𝑋 (resp. 𝑄𝑋) denotes the tangential (resp. 

normal) component of 𝜑𝑋. Moreover for every normal 

vector field 𝑁 we can state   

 

                          𝜑𝑁 = 𝑝𝑁 + 𝑞𝑁                            (11) 

where 𝑝𝑁 in the tangential component of  𝜑𝑁  and 𝑞𝑁 

is the normal one. 

 

Now, for later use, we establish a result for a 

submanifold 𝛽-Kenmotsu manifold. 

 

Proposition 3.1  Let M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then we have  

 

(∇𝑋𝑃)𝑌 = A𝑄𝑌X + ph(X, Y) + 𝛽𝑔(𝑃𝑋, 𝑌)𝜉 −

𝛽𝜂(𝑌)𝑃𝑋                                                                (12) 

 
(∇𝑋𝑄)𝑌 = 𝑞ℎ(𝑋, 𝑌) − ℎ(𝑋, 𝑃𝑌) − 𝛽𝜂(𝑌)𝑄𝑋        (13) 

 for all 𝑋, 𝑌𝜖Γ(𝑇𝑀) 

 

Proposition 3.2  Let M be submanifold of  𝛽-

Kenmotsu manifold M̅. Then we have  

 

𝑔(𝑃𝑋, 𝑌) = 𝑔(𝑋, 𝑃𝑌) 

𝑔(𝑝𝑋, 𝑉) = 𝑔(𝑋, 𝑝𝑉) 

𝑔(𝑞𝑈, 𝑉) = 𝑔(𝑈, 𝑞𝑉) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀), 𝑈, 𝑉 ∈ Γ(𝑇𝑀⊥). 

 

Proposition 3.3  Let M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then we have  

 

𝑃𝜉 = 0, 𝑄𝜉 = 0 

𝑄𝑇 + 𝑞𝑁 = 0 

𝑝𝑛 + 𝑃𝑡 = 0. 
 

4. Generic Submanifolds of Para 𝜷-Kenmotsu 

Manifold 

Defination 4.1 Let M be submanifold of 𝛽-Kenmotsu 

manifold M̅ with characteristic vector 𝜉 is tangent to 

M. If the maximal invariant subspace under 𝜑, 

orthogonal to 𝜉 to 𝑇𝑥(𝑀). 

 

𝐻𝑥 = 𝑇𝑥(𝑀) ∩ 𝜑𝑇𝑥(𝑀),     𝑥 ∈ 𝑀 
 

defines a differentiable distribution of 𝑇𝑥(𝑀), then M 

is called generic submanifold of M̅. 
 

For a generic submanifold M in a 𝛽-Kenmotsu 

manifold M̅, the orthogonal complementary 

distribution 𝐻𝑥
⊥ called the purely real distribution, if 

it satisfies 

𝐻𝑥 ⊥ 𝐻𝑥
⊥,   𝑇𝐻𝑥 ⊂ 𝐻𝑥

⊥ 

𝐻𝑥 ∩ 𝜑𝐻𝑥
⊥ = 0. 
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Let 𝜇𝑥  be the vector space of holomorphic normal 

vectors to M at x, or simply the holomorphic normal 

space of M at x, i.e., 

𝜇𝑥 = 𝑇𝑥
⊥ ∩ 𝜑𝑇𝑥

⊥. 
Then 𝜇𝑥  defines a differentiable vector subbundle of 

𝑇𝑥
⊥𝑀. It is easy to verify that 

 

𝑇𝑀⊥ = 𝑃(𝐻⊥)⨁𝜇, 𝑝𝑇𝑀⊥ = 𝐻⊥ 
and  

𝑔(𝑃(𝐻⊥), 𝜇) = 0. 
 

A vector subbundle of 𝜇 of the normal bundle 𝑇𝑀⊥ is 

said to be parallel (in the normal bundle) if 

 

∇x
⊥K ∈ 𝜇 

for any 𝑋 ∈ Γ(𝑇𝑀) and any local cross-section K in 

𝜇. 

 

5. Geometry of Distributions 

Lemma 5.1  M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then  

 

𝑔(𝜑ℎ(𝑋, 𝑈), 𝐾) = 𝑔(ℎ(𝜑𝑋, 𝑈), 𝐾) 

for all 𝑋 ∈ Γ(𝐻), 𝑈 ∈ Γ(𝑇𝑀) 𝑎𝑛𝑑 𝐾 ∈ Γ(𝜇). 
 

Theorem 5.2  M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then the distribution 𝐻 is always 

integrable. 

 

Proof.  For all 𝑋, 𝑌 ∈ Γ(𝐻), we have 

 

𝑔([𝑋, 𝑌], 𝜉) = 𝑔(∇X𝑌 − ∇Y𝑋, 𝜉) 

                 = −𝑔(𝑌, ∇X𝜉) + 𝑔(𝑋, ∇Y𝜉). 

 

Then last equation using (5), we get 

 

𝑔([𝑋, 𝑌], 𝜉) = 0 
 

which our assertion. 

 

Theorem 5.3 M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then the distribution 𝐻⊥⨁{𝜉}  is 

integrable if and only if 

 

𝐴𝑃𝑍𝑊 − 𝐴𝑃𝑊𝑍 + ∇ZPW − ∇WPZ ∈ 𝐻⊥ 

for all 𝑍, 𝑊 ∈ Γ(𝐻⊥). 

 

Proof. For all 𝑈, 𝑉 ∈ Γ(𝐻⊥),  𝑋 ∈ Γ(𝐻), using 

equation (6), we get 

 

𝑔([𝑈, 𝑉], 𝜑𝑋) = 𝑔(∇̅U𝑉, 𝜑𝑋) − 𝑔(∇̅V𝑈, 𝜑𝑋). 
 

On the other hand, some elementary calculations, 

 

𝑔([𝑈, 𝑉], 𝜑𝑋) = 𝑔(∇̅U𝜑𝑉, 𝑋) − 𝑔(∇̅V𝜑𝑈, 𝑋). 
 

Then from (10) 

𝑔([𝑈, 𝑉], 𝜑𝑋) = 𝑔(∇̅U𝑃𝑉 + ∇̅U𝑄𝑉, 𝑋) + 𝑔(∇̅V𝑃𝑈 +
∇̅V𝑄𝑈, 𝑋). 

 

Finally, using (6) and (7) we have 

 

𝑔([𝑈, 𝑉], 𝜑𝑋) = 𝑔(𝐴𝑃𝑍𝑊, 𝑋) − 𝑔(𝐴𝑃𝑊𝑍, 𝑋)
+ 𝑔(∇ZPW, X) − 𝑔(∇WPZ, X) 

which gives proof. 

 

Theorem 5.4 M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then the distribution 𝐻⨁{𝜉}  and its 

leaves are totally geodesic in M if and only if 

 

𝑔(ℎ(𝐻, 𝐻), 𝑁𝐻⊥) = 0. 
 

Proof.    For all 𝑋, 𝑌 ∈ Γ(𝐻), 𝑈 ∈ Γ(𝐻⊥),  from (8) 

and (6), we have  

 

𝑔(ℎ(𝑋, 𝑌), 𝑄𝑈) = −𝑔(∇̅XQU, 𝑌). 

 

Then using (10) and after some elementary 

calculations, we get 

 

𝑔(ℎ(𝑋, 𝑌), 𝑄𝑈) = 𝑔(∇̅XU, 𝜑𝑌). 

 

Since ∇H𝐻⊥ ⊂ 𝐻⊥ we have 

 

𝑔(∇̅XU, 𝜑𝑌) = 0 
 

which proves assertion. 

 

Lemma 5.6 M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then T is parallel if and only if 

 

𝐴𝑄𝑋𝑌 = 𝐴𝑄𝑌𝑋 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀). 

 

Proposition 5.7 M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then N is parallel if and only if 

 

𝐴𝑞𝑉𝑋 = 𝐴𝑉𝑃𝑋 

for all 𝑋 ∈ Γ(𝑇𝑀), 𝐾 ∈ Γ(𝑇𝑀⊥). 

 

Proof.  For all 𝑋, 𝑌 ∈ Γ(𝑇𝑀), 𝐾 ∈ Γ(𝑇𝑀⊥) using (13), 

we have 

 

𝑔((∇𝑋𝑄)𝑌, 𝐾) = 𝑔(𝑞ℎ(𝑋, 𝑌) − ℎ(𝑋, 𝑃𝑌)

− 𝜂(𝑌)𝑄𝑋, 𝐾) 

= 𝑔(ℎ(𝑋, 𝑌), 𝑞𝐾) − 𝑔(ℎ(𝑋, 𝑃𝑌), 𝐾). 
 



Journal of Engineering Research and Applied Science                         Volume 12 (1), June 2023, pp 2291-2294 

2294 

Sari et al / Generic Submanifolds of Para β-Kenmotsu Manifold 

Then from (8) we get,  

 

𝑔((∇𝑋𝑄)𝑌, 𝐾) = 𝑔(𝐴𝑞𝐾𝑋, 𝑌) −  𝑔(𝐴𝐾𝑃𝑋, 𝑌) 

 

which gives our assertion. 

 

Proposition 5.8 M be submanifold of 𝛽-Kenmotsu 

manifold M̅. Then n is parallel if and only if 

 

𝐴𝑉𝑃𝑈 = 𝐴𝑈𝑝𝑉 
for all 𝑈 ∈ Γ(𝑇𝑀), 𝑉 ∈ Γ(𝑇𝑀⊥). 

 

Proof. For all 𝑋, 𝑌 ∈ Γ(𝑇𝑀), 𝐾 ∈ Γ(𝑇𝑀⊥), we have 

 

𝑔((∇𝑋𝑞)𝐾, 𝑌) = 𝑔(𝑄𝐴𝐾𝑋 − ℎ(𝑋, 𝑝𝐾), 𝑌). 

 

Using (8) and (10) we get 

 

𝑔((∇𝑋𝑞)𝐾, 𝑌) = 𝑔(𝐴𝐾𝑋, 𝑃𝑌) − 𝑔(𝐴𝑌𝑃𝐾, 𝑋) 

= −𝑔(𝑋, 𝐴𝐾𝑃𝑌) + 𝑔(𝑃𝐾, 𝐴𝑌𝑋) 
 

which conclude proof. 
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